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1. Introduction
We establish the existence of C1 center manifolds for the delay difference equation
v(m + 1) = Lmvm + fm(vm), (1)
assuming that the linear delay equation v(m + 1) = Lmvm admits an exponential trichotomy, under
suﬃciently small nonlinear perturbations fm . We emphasize that we consider a nonautonomous dy-
namics deﬁned by a sequence of operators and not by a single operator.
Our work extends former center manifold theorems in three directions:
1. We consider delay equations with inﬁnite delay. One can argue that the only delay difference
equations are those with inﬁnite delay, since otherwise we can always bring them to the standard
recurrence form in some higher-dimensional space. In the case of inﬁnite delay it is important to
choose from the beginning an appropriate norm in the (inﬁnite-dimensional) phase space.
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the stable and unstable directions of an exponential trichotomy are replaced by a nonuniform
version in which the stability may be attained with different speeds depending on the initial
time. It turns out that the nonuniform exponential behavior is much more common than the
uniform behavior.
3. We consider generalized trichotomies that may exhibit stable, unstable and central behaviors with
respect to arbitrary asymptotic rates ecρ(n) for some diverging sequence ρ(n). This includes as
a very special case the usual exponential behavior with ρ(n) = n, and it may happen that all
Lyapunov exponents are either zero or inﬁnity.
We note that these extensions are obtained simultaneously, with a single proof for all of them.
Center manifold theorems are powerful tools in the analysis of the behavior of a dynamical system.
For example, when a ﬁxed point has no unstable directions, all trajectories approach exponentially
any of the center manifolds. Therefore, the stability of the system is completely determined by the
behavior on any center manifold. Thus, we often consider a reduction of the dynamics to the center
manifold. We refer the reader to the book [7] for details and references. The study of center manifolds
can be traced back to the works of Pliss [22] and Kelley [18]. A very detailed exposition in the case
of autonomous equations is given in [25], adapting results in [27]. See also [20,26] for the case of
differential equations in inﬁnite-dimensional spaces. We refer the reader to [8–10,25] for more details
and further references.
As we already pointed out, our work considers the general case of a nonautonomous dynamics. In-
cidentally, early works concerning center manifolds theorems for nonautonomous systems are due to
Sell [24] and Chow and Yi [11]. However, we would like to emphasize that we do not see this aspect
of our work as a main issue, ﬁrst of all since there exist much earlier seminal works as the two above,
but even more since one of the three directions described above in which we extend former work,
namely nonuniform exponential behavior, cannot occur in autonomous systems. We give a simple ex-
ample. The asymptotic behavior of the iteration given by the powers An of a matrix A is completely
determined by the powers |λi |n of the absolute values of the eigenvalues λi of A (eventual polynomi-
als in n due to nondiagonal Jordan canonical forms do not affect the asymptotic behavior). This causes
that if the origin is asymptotically stable, then it is also uniformly asymptotically stable. However, it
is well known that this implication fails for a general nonautonomous dynamics An An−1 · · · A1 given
by the product of a sequence of matrices (see for example [3] for a detailed discussion). We also note
that the above works [24] and [11] only consider the particular case of uniform exponential behav-
ior. On the other hand (as described below), the nonuniform exponential behavior is actually very
common, and in fact much more than the uniform behavior. This is a main motivation for our work.
As already mentioned above, strictly speaking the only delay difference equations are those with
inﬁnite delay, since otherwise we can always transform them into the usual 1-step iteration (although
in a higher-dimensional space). From this point of view, the only interesting delay equations in the
case of discrete time are those with inﬁnite delay. We emphasize that the situation is different in the
case of continuous time since there is no simple procedure to make any similar transformation, due to
the fact that there is no minimal positive time (which then would have to be zero). On the other hand,
from the point of view of applications, the consideration of inﬁnite delay equations is interesting and
meaningful. In particular, when one studies long term behavior of evolutionary biological systems, say
after a rather large period bringing the system inside a compact attractor (which can be thought of
as the evolution until we reach some cruising speed), it is natural to consider the inﬂuence of inﬁnite
delays in the asymptotic behavior of the system. We refer the reader to the works [1,16,19] for details
and further references. The study of delay equations with inﬁnite delay can be traced back to works
by Hale and Kato [14], Kappel and Schappacher [17], and Schumacher [23].
Since we consider nonuniform exponential trichotomies, our work naturally belongs to the nonuni-
form hyperbolicity theory (we refer to [2,3] for a detailed exposition of several parts of the theory and
further references). To the best of our knowledge, our work [5] is the single former result in the lit-
erature concerning smooth invariant center manifolds in the context of nonuniform hyperbolicity (the
paper considers the particular case of difference equations with delay 1, always for the special case
with ρ(n) = n). As mentioned above, nonuniform exponential behavior is actually very common, and
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the meaning of these statements and particularly the relation to ergodic theory. A full description
can be seen in the books [3,6], although with the need of additional techniques that sometimes are
rather involved. For simplicity of the exposition we formulate only particular cases of more general
statements (in particular we only consider stable behavior, avoiding on purpose unstable and central
behavior). Nevertheless, these statements are already nontrivial and they illustrate well the ubiquity
of the nonuniform exponential behavior (we refer to [3,6] for full details).
Consider a nonautonomous dynamics given by a product of p × p matrices
A(m,n) = Am−1 · · · An.
We say that the sequence admits a uniform exponential contraction if there exist constants c, λ > 0
such that
∥∥A(m,n)∥∥ ce−λ(m−n), m n. (2)
Uniform exponential contractions are robust under suﬃciently small perturbations. Nevertheless, the
requirement of uniformity is too stringent for the dynamics. The more general notion of nonuniform
exponential contraction allows not only exponential contraction but also a nonuniform bound on the
initial time. Namely, we say that the sequence admits a nonuniform exponential contraction if there
exist constants c, λ > 0 and ε  0 such that
∥∥A(m,n)∥∥ ce−λ(m−n)+εn, m n.
This corresponds to replace the constant c in (2) by the term ceεn . When ε > 0 the origin is asymp-
totically stable although in general not uniformly asymptotically stable. It turns out that the notion of
nonuniform exponential contraction occurs under reasonably weak assumptions. Namely, if
limsup
m→+∞
1
m
log
∥∥A(m,1)x∥∥< 0
for every x ∈ Rp \ {0}, then the sequence admits a nonuniform exponential contraction. Even more is
true in the context of ergodic theory. Namely, the constant ε can be made arbitrary small although
in general not zero. To formulate a rigorous statement we recall that a measurable transformation
f : X → X is said to preserve a measure μ on X if
μ
(
f −1A
)= μ(A) for every measurable set A ⊂ X .
Let also Mp be the space of p × p matrices.
Theorem 1. Let f : X → X and A : X → Mp be measurable transformations. If f preserves a ﬁnite measure μ
in X such that log+ ‖A‖ ∈ L1(X,μ), and
limsup
m→+∞
1
m
log
∥∥A( f m(q)) · · · A( f (q))A(q)x∥∥< 0
for μ-almost every q ∈ X and every x ∈ Rp , then for μ-almost every q ∈ X there is λ = λ(q) > 0 and for each
ε > 0 there is c = c(q, ε) > 0 such that
∥∥A( f m−1(q)) · · · A( f n(q))∥∥ ce−λ(m−n)+εn, m n. (3)
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example [2] for a detailed discussion). In particular, it shows that in the context of ergodic theory the
nonuniformity given by the constant ε in (3) can be made arbitrarily small for almost all trajectories,
although not necessarily zero. Therefore, it is important to study the general notion of nonuniform
exponential contraction. On the other hand, it follows from work of Barreira and Schmeling in [4]
that for some classes of measure-preserving transformations, the set of points q ∈ X for which the
constant ε in (3) cannot be made arbitrarily small has full Hausdorff dimension.
Our proof of the center manifold theorem is inspired in arguments in [5]. In particular, we use a
result in [13], going back to a lemma of Henry in [15], which allows us to establish simultaneously
the existence and regularity of center manifolds with a single ﬁxed point problem. Essentially, it says
that a closed unit ball in the space of C1 functions with Lipschitz ﬁrst derivative between two Banach
spaces is closed with respect to the C0-topology. This allows one to consider contraction maps using
simply the supremum norm.
In principle, a corresponding version of our results can also be obtained for continuous time, but
the proofs need to be completely rewritten, particularly in what concerns the involved inequalities.
2. Nonuniform exponential trichotomies
For simplicity, we denote by [m,n], (−∞,n] and [n,+∞) respectively the sets [m,n] ∩ Z,
(−∞,m] ∩ Z and [n,+∞) ∩ Z. Given a Banach space Y , let Xγ be the set of functions ϕ :Z−0 → Y
with the norm
‖ϕ‖γ = sup
j∈Z−0
(∣∣ϕ( j)∣∣eγ j)< ∞,
where | · | is the norm in Y . For any function x : (−∞,m] → Y and n  m, we deﬁne xn ∈ Xγ by
xn( j) = x(n + j) for j ∈ Z−0 .
Given linear operators Lm : Xγ → Y for m ∈ Z, we consider the dynamics deﬁned by
x(m + 1) = Lmxm. (4)
For each n ∈ Z and ϕ ∈ Xγ , there is a unique function x :Z → Y , that we denote by x(·,n,ϕ), such
that xn = ϕ and satisfying (4) for all m n. For each m n we deﬁne a linear operator T (m,n) in Xγ
by
T (m,n)ϕ = xm(·,n,ϕ), ϕ ∈ Xγ .
Clearly, T (m,m) = Id, and
T (l,m)T (m,n) = T (l,n), lm n.
Given an increasing function ρ :Z → Z with ρ(−m) = ρ(m), we say that Eq. (4) admits a ρ-
nonuniform exponential trichotomy if:
1. there exist projections Pn, Q 1,n, Q 2,n : Xγ → Xγ for n ∈ Z such that for m n,
PmT (m,n) = T (m,n)Pn, Q i,mT (m,n) = T (m,n)Q i,n, i = 1,2;
2. T (m,n)Pn is invertible from Im Pn to Im Pm , and T (m,n)Q i,n is invertible from Im Q i,n to Im Q i,m
for each m n and i = 1,2;
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0 a < b, 0 c < d, ε  0, D  1 (5)
such that for m n we have
∥∥T (m,n)Pn∥∥γ  Dea(ρ(m)−ρ(n))+ε|ρ(n)|,∥∥(T (m,n)Q 2,n)−1∥∥γ  De−b(ρ(m)−ρ(n))+ε|ρ(m)|, (6)
and
∥∥(T (m,n)Pn)−1∥∥γ  Dec(ρ(m)−ρ(n))+ε|ρ(m)|,∥∥T (m,n)Q 1,n∥∥γ  De−d(ρ(m)−ρ(n))+ε|ρ(n)|. (7)
For each m ∈ N and i = 1,2 we write Em = Im Pm and Fi,m = Im Q i,m .
3. Existence of center manifolds
Now we consider the dynamics deﬁned equation (1). We write fm = (gm,h1m,h2m), with values in
Em × F1,m × F2,m , and vm = (xm, y1m, y2m) ∈ Em× F1,m × F2,m . Given vn = (ξ,η1, η2) ∈ En × F1,n × F2,n ,
for each m n we have
xm = B(m,n)ξ +
m−1∑
l=n
B(m, l + 1)(Γ gl(xl, y1l, y2l)),
yim = Ci(m,n)ηi +
m−1∑
l=n
Ci(m, l + 1)
(
Γ hil(xl, y1l, y2l)
)
, i = 1,2,
and for each m n,
xm = B(m,n)ξ −
n−1∑
l=m
B(m, l + 1)(Γ gl(xl, y1l, y2l)),
yim = Ci(m,n)ηi −
n−1∑
l=m
Ci(m, l + 1)
(
Γ hil(xl, y1l, y2l)
)
, i = 1,2,
where Γ (0) = Id, Γ (l) = 0 for l < 0,
B(m,n) = T (m,n)Pn and Ci(m,n) = T (m,n)Q i,n, i = 1,2.
We assume that there exists δ > 0 such that fm : Xγ → Y is a C1 map for each k ∈ Z, with fm(0) = 0
and d0 fm = 0, satisfying
∣∣g′m(u)∣∣ δe−3ε|ρ(m+1)|e−β(ρ(m+1)−ρ(m)),∣∣h′1,m(u)∣∣ δe−3ε|ρ(m+1)|e−d(ρ(m+1)−ρ(m)),∣∣h′2,m(u)∣∣ δe−3ε|ρ(m+1)|e−b(ρ(m+1)−ρ(m)), (8)
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∣∣g′m(u) − g′m(v)∣∣ δe−3ε|ρ(m+1)|e−β(ρ(m+1)−ρ(m))‖u − v‖γ ,∣∣h′1,m(u) − h′1,m(v)∣∣ δe−3ε|ρ(m+1)|e−d(ρ(m+1)−ρ(m))‖u − v‖γ ,∣∣h′2,m(u) − h′2,m(v)∣∣ δe−3ε|ρ(m+1)|e−b(ρ(m+1)−ρ(m))‖u − v‖γ
for every u, v ∈ Xγ , with the same constant ε as in (5), and with
β =
{
a if m ∈ Z+n ,
c if m ∈ Z−n .
Given n ∈ Z and vn ∈ Xγ , there is a unique function v = v(·,n,ϕ) :Z → Y such that vn = ϕ and
satisfying (1) for all m n. For each m n we deﬁne the operator F(m,n) in Xγ by
F(m,n)ϕ = vm(·,n,ϕ), ϕ ∈ Xγ .
We also consider the space X of sequences of functions
ϕm = (ϕ1m,ϕ2m) : Em → F1,m × F2,m
of class C1 such that for every m ∈ Z and x, y ∈ Em we have:
1. ϕm(0) = 0 and d0ϕm = 0;
2. ‖ϕ′m(x)‖γ  1 and ‖ϕ′m(x) − ϕ′m(y)‖γ  ‖x− y‖γ .
Given ϕ = (ϕm)m ∈ X we consider the graphs
Vm =
{(
ξ,ϕm(ξ)
)
: ξ ∈ Em
}
. (9)
The following is our center manifold theorem.
Theorem 2. If Eq. (4) admits a ρ-nonuniform exponential trichotomy with
2(c + ε) < d and 2(a + ε) < b, (10)
then provided that δ is suﬃciently small there is a unique ϕ ∈ X such that:
1. Vm is a C1 manifold, 0 ∈ Vm, and T0Vm = Em for each m ∈ Z;
2. F(n,m)(Vm) = Vn for each m,n ∈ Z.
Proof. Given ϕ ∈ X we set
‖ϕ‖ := sup{∥∥ϕm(x)∥∥γ /‖x‖γ : m ∈ Z and x ∈ Em \ {0}} 1. (11)
It follows from results in [13] that X is a complete metric space with the norm in (11). For a ﬁxed
n ∈ Z, we also set
Z+n = {m ∈ Z: m n}, Z−n = {m ∈ Z: m n},
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σ(m) =
{
(a + α)(ρ(m) − ρ(n)) + ε|ρ(n)| if m ∈ Z+n ,
(c + α)(ρ(n) − ρ(m)) + ε|ρ(n)| if m ∈ Z−n ,
(12)
with α = 4Dδeε−min{a,c} . Given C > 0, let B± be the spaces of sequences x = (xm)m∈Z±n of C1 functions
xm : En → Em such that xn(ξ) = ξ for every ξ ∈ En , and
‖x‖0 := sup
{‖xm(ξ)‖γ
‖ξ‖γ e
−σ(m): m ∈ Z±n , ξ ∈ En \ {0}
}
 C,
‖x‖1 := sup
{∥∥x′m(ξ)∥∥γ e−σ(m): m ∈ Z±n , ξ ∈ En} C, (13)
and
L(x) := sup
{‖x′m(ξ) − x′m(ξ¯ )‖γ
‖ξ − ξ¯‖γ
e−2σ(m)
}
 C,
with the last supremum taken over all m ∈ Z±n and ξ, ξ¯ ∈ En with ξ 
= ξ¯ . It follows again from results
in [13] that B+ and B− are complete metric spaces with the norm ‖ · ‖0.
Given ϕ ∈ X and x ∈ B+ ∪B− we write
am(ξ) = ϕm
(
xm(ξ)
)
and bm(ξ) = gm
(
xm(ξ),am(ξ)
)
. (14)
Lemma 1. For each ϕ ∈ X, (n, ξ) ∈ Z × En, m ∈ Z±n , and x ∈ B± we have∥∥a′m(ξ)∥∥γ  Ceσ(m) and ∣∣b′m(ξ)∣∣ 2Cδe−3|ρ(m+1)|e−a(ρ(m+1)−ρ(m))eσ(m).
Proof. We only consider the case when m ∈ Z+n and x ∈ B+ , since the other one is entirely analogous.
We obtain
∥∥a′m(ξ)∥∥γ  ∥∥ϕ′m(xm(ξ))∥∥γ ∥∥x′m(ξ)∥∥γ  Ceσ(m).
Moreover,
∣∣b′m(ξ)∣∣ ∣∣g′m(xm(ξ),am(ξ))∣∣ · ∥∥x′m(ξ) + a′m(ξ)∥∥γ
 δe−3|ρ(m+1)|e−a(ρ(m+1)−ρ(m))
(
Ceσ(m) + Ceσ(m)).
This completes the proof of the lemma. 
Lemma 2. For each ϕ ∈ X, (n, ξ), (n, ξ¯ ) ∈ Z × En, m ∈ Z±n , and x ∈ B± we have
∥∥xm(ξ) − xm(ξ¯ )∥∥γ  C‖ξ − ξ¯‖γ eσ(m),∥∥x′m(ξ) − x′m(ξ¯ )∥∥γ  C‖ξ − ξ¯‖γ e2σ(m),∥∥am(ξ) − am(ξ¯ )∥∥γ  C‖ξ − ξ¯‖γ eσ(m),
and
∥∥a′m(ξ) − a′m(ξ¯ )∥∥γ  (C + C2)‖ξ − ξ¯‖γ e2σ(m).
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follows readily from Lemma 1. For the last statement, we note that
∥∥a′m(ξ) − a′m(ξ¯ )∥∥γ = ∥∥ϕ′m(xm(ξ))x′m(ξ) − ϕ′m(xm(ξ¯ ))x′m(ξ)∥∥γ

∥∥ϕ′m(xm(ξ))∥∥γ ∥∥x′m(ξ) − x′m(ξ¯ )∥∥γ + ∥∥ϕ′m(xm(ξ))− ϕ′m(xm(ξ¯ ))∥∥γ ∥∥x′m(ξ¯ )∥∥γ
 C‖ξ − ξ¯‖γ e2σ(m) +
∥∥xm(ξ) − xm(ξ¯ )∥∥γ Ceσ(m)
 C‖ξ − ξ¯‖γ e2σ(m) + C2‖ξ − ξ¯‖γ e2σ(m),
as we wanted to show. 
Lemma 3. For each ϕ ∈ X, (n, ξ), (n, ξ¯ ) ∈ Z × En, m ∈ Z±n , and x ∈ B± we have∣∣b′m(ξ) − b′m(ξ¯ )∣∣ (3C + 4C2)δe−3|ρ(m+1)|e−a(ρ(m+1)−ρ(m))‖ξ − ξ¯‖γ e2σ(m).
Proof. We have
∣∣b′m(ξ) − b′m(ξ¯ )∣∣ ∣∣g′m(xm(ξ),am(ξ))∣∣ · ∥∥(x′m(ξ),a′m(ξ))− (x′m(ξ¯ ),a′m(ξ¯ ))∥∥γ
+ ∣∣g′m(xm(ξ),am(ξ))− g′m(xm(ξ¯ ),am(ξ¯ ))∣∣ · ∥∥(x′m(ξ¯ ),a′m(ξ¯ ))∥∥γ .
Therefore,
∣∣b′m(ξ) − b′m(ξ¯ )∣∣e3|ρ(m+1)|ea(ρ(m+1)−ρ(m))
 δ
(∥∥x′m(ξ) − x′m(ξ¯ )∥∥γ + ∥∥a′m(ξ) − a′m(ξ¯ )∥∥γ )
+ δ∥∥(xm(ξ),am(ξ))− (xm(ξ¯ ),am(ξ¯ ))∥∥γ (∥∥x′m(ξ¯ )∥∥γ + ∥∥a′m(ξ¯ )∥∥γ )
 δ
[
C‖ξ − ξ¯‖γ e2σ(m) +
(
C + C2)‖ξ − ξ¯‖γ e2σ(m)]
+ δ(C‖ξ − ξ¯‖γ eσ(m) + C‖ξ − ξ¯‖γ eσ(m))(Ceσ(m) + Ceσ(m)),
as we wanted to show. 
So that F(m,n)(Vm) = Vn (see (9)), we must have
xm = B(m,n)ξ +
m−1∑
l=n
B(m, l + 1)(Γ gl(xl,ϕl(xl))),
ϕim(xm) = Ci(m,n)ϕin(ξ) +
m−1∑
l=n
Ci(m, l + 1)
(
Γ hil
(
xl,ϕl(xl)
))
, i = 1,2, (15)
for each m n, and
xm = B(m,n)ξ −
n−1∑
l=m
B(m, l + 1)(Γ gl(xl,ϕl(xl))),
ϕim(xm) = Ci(m,n)ϕin(ξ) −
n−1∑
l=m
Ci(m, l + 1)
(
Γ hil
(
xl,ϕl(xl)
))
, i = 1,2, (16)
for each m  n. We ﬁrst establish the existence of a unique sequence (xm)m∈Z satisfying the ﬁrst
equations in (15)–(16) for each given ϕ ∈ X.
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1. given (n, ξ) ∈ Z × En there is a unique sequence xm = xϕm : En → Em with xn(ξ) = ξ satisfying the ﬁrst
equations in (15)–(16) for m ∈ Z;
2. xϕ |(Z±n × En) ∈ B± and
∥∥xϕm(ξ) − xϕm(ξ¯ )∥∥γ  C‖ξ − ξ¯‖γ eσ(m), m ∈ Z±n . (17)
Proof. We consider only the case when m ∈ Z+n since the other case is entirely similar. Given ϕ ∈ X
and (n, ξ) ∈ Z × En we deﬁne the operator (see (14))
( J x)m(ξ) = B(m,n)ξ +
m−1∑
l=n
B(m, l + 1)(Γ bl(ξ))
for each x ∈ B+ and m n. Clearly, J x is of class C1, and ( J x)n(ξ) = ξ . By (8) and (13) we obtain
∣∣bl(ξ)∣∣ 2δe−3ε|ρ(l+1)|e−a(ρ(m+1)−ρ(m))‖xl(ξ)‖γ
 2Cδ‖ξ‖γ e−a(ρ(m+1)−ρ(m))eσ(l)−3ε|ρ(l+1)|.
Therefore, by (6),
∥∥( J x)m(ξ) −B(m,n)ξ∥∥γ 
m−1∑
l=n
∥∥B(m, l + 1)(Γ bl(ξ))∥∥γ
 2CδD‖ξ‖γ eσ(m)
m−1∑
l=n
e−2ε|ρ(l+1)|e−α(ρ(m)−ρ(l))
 2CδD‖ξ‖γ eσ(m)
m−1∑
l=n
e−α(m−l)
 θ‖ξ‖γ eσ(m)
for some constant θ (since ρ is increasing, we have ρ(m) − ρ(n) m − n). Furthermore, by (6) and
(12), we have ‖B(m,n)ξ‖γ  Deσ(m)‖ξ‖γ . Thus, choosing C > D and for δ suﬃciently small we obtain
‖ J x‖0  D + θ < C .
Furthermore, by Lemma 1 we have
∣∣b′l(ξ)∣∣ 2Cδe−3ε|ρ(l+1)|e−a(ρ(l+1)−ρ(l))eσ(l).
By the ﬁrst inequality in (6), we obtain
∥∥( J x)′m(ξ)∥∥γ  ∥∥B(m,n)ξ∥∥γ +
m−1∑
l=n
∥∥B(m, l + 1)(Γ b′l(ξ))∥∥γ
 Deσ(m) + 2CδDeσ(m)
m−1∑
l=n
e−α(ρ(m)−ρ(l))e−2ε|ρ(l+1)|
 (D + θ)eσ(m).
Again, ‖ J x‖1  D + θ < C .
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= ξ¯
we obtain
∥∥( J x)′m(ξ) − ( J x)′m(ξ¯ )∥∥γ  C ′θ‖ξ − ξ¯‖γ e2σ(m)
for some constant C ′ > 0. Taking δ suﬃciently small, we obtain L( J x) C ′θ < C . Hence, J (B+) ⊂ B+ .
Now we show that the operator J is a contraction. Given x, y ∈ B+ and l n, we have
∣∣gl(xl(ξ),ϕl(xl(ξ)))− gl(yl(ξ),ϕl(yl(ξ)))∣∣ 2δe−3ε|ρ(l+1)|e−a(ρ(l+1)−ρ(l))∥∥xl(ξ) − yl(ξ)∥∥γ
 2δe−3ε|ρ(l+1)|e−a(ρ(l+1)−ρ(l))eσ(l)‖ξ‖γ ‖x− y‖0. (18)
By the ﬁrst inequality in (6),
∥∥( J x)m(ξ) − ( J y)m(ξ)∥∥γ

m−1∑
l=n
∥∥B(m, l + 1)(Γ gl(xl(ξ),ϕl(xl(ξ)))− gl(yl(ξ),ϕl(yl(ξ))))∥∥γ
 C ′′δeρ(m)‖ξ‖γ ‖x− y‖0
m−1∑
l=n
eα(l−m)  C
′′δ
eα − 1‖ξ‖γ ‖x− y‖0e
σ(m)
for some constant C ′′ > 0. Therefore, ‖ J x − J y‖0  ‖x − y‖0/2, and J is a contraction. Thus, there is
a unique x ∈ B+ satisfying J x = x. Inequality (17) is immediate from Lemma 2. 
Given ϕ,ψ ∈ X and (n, ξ) ∈ Z× En , we denote by xϕ and xψ the functions given by Lemma 4 such
that xϕn (ξ) = xψn (ξ) = ξ .
Lemma 5. Provided that δ is suﬃciently small, for every ϕ,ψ ∈ X and (n, ξ) ∈ Z × En we have
∥∥xϕm(ξ) − xψm(ξ)∥∥γ  12C‖ξ‖γ ‖ϕ − ψ‖γ eσ(m), m ∈ Z±n .
Proof. Again we consider only the case when m ∈ Z+n . Proceeding in a similar manner to that in (18),
we obtain
∣∣gl(xϕl (ξ),ϕl(xϕl (ξ)))− gl(xψl (ξ),ψl(xψl (ξ)))∣∣e3ε|ρ(l+1)|ea(ρ(l+1)−ρ(l))
 δ
∥∥(xϕl (ξ) − xψl (ξ),ϕl(xϕl (ξ))− ψl(xψl (ξ)))∥∥γ
 δ
(∥∥xϕl (ξ)∥∥γ ‖ϕ − ψ‖ + 2∥∥xϕl (ξ) − xψl (ξ)∥∥γ ). (19)
Now set
ρ¯(m) = ∥∥xϕm(ξ) − xψm(ξ)∥∥γ and T (m) = e−ρ(m)ρ¯(m).
By (6), (17) and (19), it follows from the ﬁrst equation in (15) that
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m−1∑
l=n
ea(ρ(m)−ρ(l))−2ε|ρ(l+1)|
[∥∥xϕl (ξ)∥∥γ ‖ϕ − ψ‖ + 2ρ¯(l)]
 αC‖ξ‖γ
4
‖ϕ − ψ‖
m−1∑
l=n
e−α(ρ(m)−ρ(l)) + α
2
m−1∑
l=n
e−α(ρ(m)−ρ(l))T (l).
Setting T = supm∈Z T (m), since α/(eα − 1) < 1 for α > 0, we obtain
T 
(
C‖ξ‖γ
4
‖ϕ − ψ‖ + T
2
)
α
eα − 1 
C‖ξ‖γ
4
‖ϕ − ψ‖ + T
2
.
This establishes the desired result. 
Lemma 6. Provided that δ is suﬃciently small, given ϕ ∈ X satisfying
ϕ1n(ξ) =
n−1∑
l=−∞
C1(l + 1,n)−1
(
Γ h1l
(
xϕl (ξ),ϕl
(
xϕl (ξ)
)))
,
ϕ2n(ξ) = −
+∞∑
l=n
C2(l + 1,n)−1
(
Γ h2l
(
xϕl (ξ),ϕl
(
xϕl (ξ)
)))
(20)
for every (n, ξ) ∈ Z × En, then it satisﬁes (15)–(16) with x = xϕ .
Proof. It follows from (20) that
Ci(m,n)ϕin(ξ) +
m−1∑
l=n
Ci(m, l + 1)
(
Γ hil
(
xϕl (ξ),ϕl
(
xϕl (ξ)
)))
=
{∑m−1
l=−∞ C1(l + 1,m)−1(Γ h1l(xϕl (ξ),ϕl(xϕl (ξ)))) if i = 1,
−∑+∞l=m C2(l + 1,m)−1(Γ h2l(xϕl (ξ),ϕl(xϕl (ξ)))) if i = 2
for each m n, and
Ci(m,n)ϕin(ξ) −
n−1∑
l=m
Ci(m, l + 1)
(
Γ hil
(
xϕl (ξ),ϕl
(
xϕl (ξ)
)))
=
{∑m−1
l=−∞ C1(l + 1,m)−1(Γ h1l(xϕl (ξ),ϕl(xϕl (ξ)))) if i = 1,
−∑+∞l=m C2(l + 1,m)−1(Γ h2l(xϕl (ξ),ϕl(xϕl (ξ)))) if i = 2
for each m n. Comparing with (20) this yields the desired statement. 
Lemma 7. Provided that δ is suﬃciently small, there is a unique function ϕ ∈ X such that (20) holds for every
(n, ξ) ∈ Z × En.
Proof. Set
cil(ξ) = hil
(
xϕl (ξ),ϕl
(
xϕl (ξ)
))
, i = 1,2.
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(Φϕ)n(ξ) =
( ∑
l∈Z−n−1
C1(l + 1,n)−1
(
Γ c1l(ξ)
)
,−
∑
l∈Z+n
C2(l + 1,n)−1
(
Γ c2l(ξ)
))
(21)
for (n, ξ) ∈ Z × En . By (17) we have∣∣cil(ξ)∣∣ 2Cδe−3ε|ρ(l+1)|e−b(ρ(l+1)−ρ(l))‖ξ‖γ eρ(l). (22)
Therefore,
∑
l∈Z−n−1
∥∥C2(l + 1,n)−1(Γ c1l(ξ))∥∥γ  2δCD‖ξ‖γ eε|ρ(n)| ∑
l∈Z−n−1
e(2(a+ε)−b+α)|ρ(n)−ρ(l)|,
with a similar bound for C1 over Z+n . Provided that δ is suﬃciently small, it follows from the second
inequalities in (6)–(7), (10), and (22) that the two series converge uniformly on bounded sets. This
ensures that Φϕ is of class C1 for each ϕ ∈ X, with derivative (Φϕ)′n(ξ) given by( ∑
l∈Z−n−1
C1(l + 1,n)−1
(
Γ c′1l(ξ)
)
,−
∑
l∈Z+n
C2(l + 1,n)−1
(
Γ c′2l(ξ)
))
.
It follows from (21) that (Φϕ)n(0) = 0 and (Φϕ)′n(0) = 0 for every n ∈ Z. Eventually taking again δ
suﬃciently small, we can also show that for every n ∈ Z and ξ ∈ En , we have ‖(Φϕ)′n(ξ)‖γ  1 and∥∥(Φϕ)′n(ξ) − (Φϕ)′n(ξ¯ )∥∥γ  ‖ξ − ξ¯‖γ .
This shows that Φ(X) ⊂ X.
Now we show that Φ is a contraction. Given ϕ,ψ ∈ X and (n, ξ) ∈ Z × En , let xϕ and xψ be the
unique sequences given by Lemma 4 such that xϕn (ξ) = xψn (ξ) = ξ . Using (17) and Lemma 5, for each
i = 1,2 and l ∈ Z±n we obtain
ci(l) :=
∣∣h jl(xϕl (ξ),ϕl(xϕl (ξ)))− hil(xψl (ξ),ψl(xψl (ξ)))∣∣
 2δCe−3ε|ρ(l+1)|e−b(ρ(l+1)−ρ(l))‖ξ‖γ ‖ϕ − ψ‖eσ(l).
Therefore,
∥∥(Φϕ)n(ξ) − (Φψ)n(ξ)∥∥γ  ∑
l∈Z−n−1
∥∥C1(l + 1,n)−1∥∥γ c1(l) + ∑
l∈Z+n
∥∥C2(l + 1,n)−1∥∥γ c2(l)
 κ‖ξ‖γ ‖ϕ − ψ‖
for some constant κ > 0. Therefore,
‖Φϕ1 − Φϕ2‖ κ‖ϕ1 − ϕ2‖,
and Φ is a contraction provided that δ is suﬃciently small. Hence, there is a unique ϕ ∈ X satisfying
Φϕ = ϕ . 
The statement in the theorem follows from the previous lemmas. 
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fm(0) = 0, d0 fm = 0,
∣∣g( j)m (u)∣∣ δe−3ε|ρ(m+1)|e−γ (ρ(m+1)−ρ(m)),∣∣h( j)1,m(u)∣∣ δe−3ε|ρ(m+1)|e−d(ρ(m+1)−ρ(m)),∣∣h( j)2,m(u)∣∣ δe−3ε|ρ(m+1)|e−b(ρ(m+1)−ρ(m))
for j = 1, . . . ,k, and
∣∣g(k)m (u) − g(k)m (v)∣∣ δe−3ε|ρ(m+1)|e−γ (ρ(m+1)−ρ(m))‖u − v‖,∣∣h(k)1,m(u) − h(k)1,m(v)∣∣ δe−3ε|ρ(m+1)|e−d(ρ(m+1)−ρ(m))‖u − v‖,∣∣h(k)2,m(u) − h(k)2,m(v)∣∣ δe−3ε|ρ(m+1)|e−b(ρ(m+1)−ρ(m))‖u − v‖
for every u, v ∈ X , then we can show that each manifold Vm in Theorem 2 is of class Ck , although
at the expense of more technical arguments. In particular, to establish the necessary estimates in
the ﬁxed point problems we need a multivariate version of the Faà di Bruno formula in [12] for the
derivatives of a composition. For simplicity of the exposition we omit this material.
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